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Abstract The classical Fisher information is superadditive in the sense that the Fisher in-
formation of a bivariate probability density is always not less than the sum of those of
the marginals. The longstanding conjecture concerning the superadditivity of the Wigner—
Yanase—-Dyson information is a quantum analogue of this property. It is remarkable that
Hansen constructed a numerical counterexample to the quantum case (J. Stat. Phys. 126:
643-648, 2007). However, the requirement of superadditivity of an information-theoretic
quantity such as the Wigner—Yanase—Dyson information seems so intuitive, it is desirable to
identify conditions as general as possible such that the superadditivity holds. In this paper,
we establish the superadditivity in several physically significant cases.

Keywords Fisher information - Wigner—Yanase—Dyson information - Superadditivity -
Density operator - Spectral decomposition

1 Introduction

Apart from the Shannon entropy (and the von Neumann entropy in the quantum case), the
Fisher information is another well known information concept [2]. This notion has its origin
in statistical inference [3], and now has even found deep and wide applications in studying
probability limit theorems [7] and in an informational approach to physics [4].

Recall that the Fisher information of a probability density p(x) = p(x;, x2, ..., X,) (with
respect to the location parameters) is defined as [1]

Ie(p) =4 f VP Pdx 1
Rn

provided the integral exists. Here V denotes the gradient and | - | denotes the usual Euclidean
norm in R".
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More generally, the Fisher information matrix of a parametric probability densities py(x)
on R" with parameter 6 = (0, 6,, ...,6,) € R™ is the m x m matrix

1z (po) = (I;})

defined as [2]

. L j=12....m

I 4/ 9/ po(x) 3«/Pe(x)d
ij = X
n 39, a@l

provided the integrals exist. In particular, when n = m and py(x) = p(x — @) is a translation
family, Ir(ps) = (I;;) is independent of the parameter 6, and moreover
a4/ 0~/
1,,-:4/ WP IVPL) iy, )
R 8)6,' ax j
In this case, we may simply denote Ir(py) by Ir(p). We see that the Fisher information
defined by (1) is the trace of the Fisher information matrix determined by (2), that is,

Ie(p) =trIg(p).

Some fundamental properties of the Fisher information are as follows.

(a) The Fisher information is convex in the sense that [6] (p. 79)

Ie(A1p1 + A2p2) < AtIr(p1) + Ao dr(p2).

Here p, and p, are two probability densities and A; +A, =1, 4; >0, j=1,2.
(b) The Fisher information is additive in the sense that

Ie(p1 ® p2) = Ir(p1) + Ir(p2).

Here p, and p, are two probability densities, and p; ® p,(x, y) := pi(x)p2(y) is the
independent product density (which is a kind of tensor product).

(c) The Fisher information is invariant under location translation, that is, for any fixed y €
R",if we put py(x) := p(x — ), then Ir(p,) = Ir(p).

(d) The Fisher information Ir(p) is superadditive in the sense that [1]

Ie(p) = Ie(p1) + Ir(p2). 3

Here p(x) = p(x1, x») is a bivariate probability density with marginal densities p; and
P2, respectively.

Although the Fisher information was introduced as early as 1925 by Fisher [3], it is
amusing and remarkable that the above superadditive property (d) was discovered as late as
1991 by Carlen [1]. Kagan and Landsman gave an intuitive statistical proof of this inequal-
ity [8], while Carlen’s original derivation is analytical. The statistical meaning of the above
inequality is as follows: When a composite system is decomposed into two subsystems, the
correlation information between them is missing, and thus the Fisher information decreases.

In this paper, we are interested in a quantum analogue of the above scenario. In particu-
lar, we are concerned with a longstanding open problem related to a quantum generalization
of the Fisher information, viz., the superadditivity conjecture for the Wigner—Yanase—Dyson
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information, whose mathematical definition will be given shortly. First of all, this open prob-
lem is resolved by Hansen negatively who provides a numerical counterexample quite re-
cently [5]. However, the superaditivity is such an intuitive requirement for quantum Fisher
information, it is desirable to identify further conditions under which the superadditivity
survives. We will establish this conjecture under some natural conditions with physical sig-
nificance.

To establish notion and notation, and to put our discussion in a statistical perspective, let
us first briefly review some mathematical aspects of quantum mechanics from the quantum
probability viewpoint.

The state space of a quantum system is described by a complex Hilbert space H. We will
use Dirac’s notation which is particularly convenient in manipulating matrix elements of
quantum mechanical operators and is universally employed in physics literature [14]. Thus
a generic vector in H is denoted by a so-called ket |i), which represents a pure state of
the system. The corresponding linear functional on H is denoted by the so-called bra (/.
The inner product (complex linear in the second variable) between two vectors |¢), |@) is
denoted by (y|¢) (which is the pairing between the bra (| and the ket |¢), thus also the
name bracket). On the other hand, |1) (1| denotes the orthogonal projection onto the vector
|¥). A mixed state is represented by a non-negative operator on H with unit trace, this is the
quantum analogue of a probability density, and is usually called a density operator. In partic-
ular, if [) € H is normalized, then |v) (/| is a degenerate density operator. An observable,
which is the quantum analogue of a classical real-valued random variable, is represented by
a self-adjoint operator on H. For any self-adjoint operator A, the inner product between |/)
and A|¢) is denoted by (¥ |A|¢).

Now we review a remarkable quantum extension of the classical Fisher information. In
1963, when studying the theory of quantum measurement, Wigner and Yanase [17] proposed
to use the quantity

1
I(p, H) :=—5tr[p”2,H]2

as the amount of information on the values of observables not commuting with H. Here tr
denotes trace, the square bracket denotes commutator (that is, [A, B] = AB — BA for any
two operators), p is a density operator, and H is a fixed self-adjoint operator serving as
a conserved observable. They called this quantity skew information, and proved and con-
jectured that it satisfies many desirable intuitive requirements for an information-theoretic
measure such as those quantum analogues of (a)—(d) of the classical Fisher information.

As mentioned by Wigner and Yanase [17], Dyson suggested a more general quantity

1
I,(p, H) :=—5tr[p"‘,H][p"”,H], O<a<l 4)

to measure information content of p with respect to H (we have put the constant factor
% before the trace for convenience of comparison with the skew information). This quan-
tity, now called the Wigner—Yanase—Dyson information, has many similar properties as the
skew information I (p, H). Its convexity with respect to p has been studied extensively by
Lieb [10], Uhlmann [15], and Kosaki [9], among others. Clearly, when o = %, I,(p, H) is
the skew information.

In order for I,(p, H) to be a reasonable information-theoretic measure, the follow-
ing superadditive property seems a necessary requirement, as advocated by Wigner and
Yanase [17].
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Conjecture (Superadditivity of the Wigner—Yanase—Dyson Information) For any bipartite
density operator p, it holds that

I,(p, HH®14+1® Hy) > 1,(p1, Hy) + 1, (02, Hy). ©)

Here p; =tr; p, p» = tr; p are the partial trace of p over the first and the second system, re-
spectively, H; and H, are observables over the first and the second system, respectively. 1 is
the identity operator (depending on the system), and ® denotes tensor product of operators.
This conjecture was reviewed by Lieb [10]. The only non-trivial confirmed case is for pure
states with o =  [17].

Quite remarkably, this conjecture cannot be true in its most general form as demonstrated
recently by Hansen [5] who provides a numerical counterexample! However, this does not
nullify the significant requirement of superadditivity, and in contrast to Hansen’s counterex-
ample, we review an intuitive relation between the Wigner—Yanase—Dyson information and
the Fisher information in order to reveal some insight into the conjecture, and prove the
conjecture in the following three particular cases:

(1) The density operator p is pure. This generalizes the result of Wigner and Yanase [17].
(2) The density operator p is diagonal in a particular representation.
(3) The density operator p commutes with either H; ® 1 or 1 ® H,.

The remaining part of this paper is structured as follows. In Sect. 2, we review the anal-
ogy between the Fisher information and the Wigner—Yanase—Dyson information. In Sect. 3,
we prove the superadditivity in the three mentioned cases. Finally, Sect. 4 is devoted to
discussions.

2 Analogy with Fisher Information

In order to gain some intuition about the superadditivity of the Wigner—Yanase—Dyson infor-
mation, let us first illustrate how the Wigner—Yanase—Dyson information can be heuristically
interpreted as a quantum analogue of the classical Fisher information [11-13], and compare
its properties with the corresponding properties of the Fisher information.

To see how Wigner—Yanase—Dyson information arises naturally when considering quan-
tum analogues of the classical Fisher information, we rewrite the classical Fisher informa-
tion defined by (1) as

Ie(p) = - Vpi(x) - Vp' ¥ (x)dx, a €O, ).
Ol(l _a) R

Clearly, the above equation is equivalent to (1).

Following the standard procedure of passing from classical to quantum and formally
replacing the integration by the trace, the probability density p by a density operator p, the
ordinary differentiation V by the quantum (inner) differentiation Dy (-) = i[-, H] (that is,
for any operator A, Dy A =i[A, H], here i is the imaginary unit), we come to the following
quantum analogue

%trDHp“ Dpp'™* = —;tr[p", Hllp'™®, H],
a(l —a) a(l —a)
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which is, up to a constant factor, essentially the Wigner—Yanase—Dyson information defined
by (4). Accordingly, the Wigner—Yanase—Dyson information may be regarded as a natural
generalization of the classical Fisher information.

More generally, for a parametric family of density operators pg, 6 € R, we may define

1 [3p% 8o,
L(py) = —t
(00) r( 30 00

2 ) ae(0,1)

as a generalization of the Wigner—Yanase—-Dyson information. In particular, when py is
determined by the Landau-von Neumann equation %" = Dypg, po = p, that is, py =
eiiHHpemH’ then Ia(p@) = Ia(p’ H).

Following Wigner and Yanase [17], and Lieb [10], we know that the Wigner—Yanase—
Dyson information has the following properties which are quantum (non-commutative) ana-

logues of the properties (a)—(d) of the classical Fisher information.

(A) The Wigner—Yanase—Dyson information decreases when two different density opera-
tors are mixed, since by mixing, one “forgets” from which density operator a particular
sample stems. In mathematical terms,

Io(Mp1 +A2p2, H) < M1y (o1, H) + Aol (02, H).

Here p; and p, are two density operators, and A; + A, =1, A;, A, > 0.

(B) The Wigner—Yanase—Dyson information is additive in the sense that the information
content of a system composed of two independent parts is the sum of information of
the parts. More precisely,

I (p1 ® p2, HH @ 1+1Q® Hy) = 1,(p1, Hy) + 1, (02, Hy).

Here p; and p, are density operators for the first and the second system, respectively,
H, and H, are observables for the first and the second system, respectively.

(C) The Wigner—Yanase—Dyson information remains constant for isolated systems, that is,
it is invariant as long as the state changes according to the Landau-von Neumann equa-
tion: if i%pe =[H, pgl, po=p, 0 € R, then 1,(py, H) = I,(p, H). More generally,
I,(p, H) = I1,(UpU", H) whenever the unitary operator U commutes with H. Here ¥
denotes adjoint of an operator.

(D) For any density operator p which is pure (that is, p = |¥)(¥| for some vector |¥) in
the composite Hilbert space), it holds that

I(p, HH®14+1Q H>) > I(p1, Hy) + 1(p2, H2).

Here I(p, H) = I,2(p, H) is the skew information, p; =tr, p, p, =tr; p are the par-
tial trace of p over the first and the second system, respectively, H; and H, are ob-
servables over the first and the second system, respectively. Recall that the partial trace
p1 = try p is defined via the following equation

(Wlorld) =D (Y] ® (hjlpld) & |h).

J

Here |/), |¢) are any two vectors in the Hilbert space of the first system, and {|4;)}
is any orthonormal base for the Hilbert space of the second system. This definition is
independent of the choice {|/;)}. The partial trace p; = tr; o is defined similarly.
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3 Superadditivity under Further Conditions

We will work exclusively in finite dimensional complex spaces for simplification. For later
applications, we evaluate explicitly the expression of 7, (o, H) in a representation when the
density operator p is diagonal.

Lemma 1 If p has eigenvalues {\;} with corresponding normalized eigenvectors {|{;)}
(which, without loss of generality, may be assumed to constitute an orthonormal base. Oth-
erwise, we can add vectors corresponding to the zero eigenvalue to form a base), then

() Lo(p, H) =3, ;O = MM (W Hy )%
Q) La(p, H) =33 ;08 = A = AW H ;)
Proof (1) Clearly,

L(p, Hy=trpH*> —tr p*Hp' ™ H.

Since {|v/;)} is an orthonormal base, we have the resolution of identity
D=1
J

By using this identity repeatedly, we have

rpH? =Y (WiloH i) = Y (Wil oy s | H? i)

i ij
=Y AWl (W | H )
i,j

= Wil H ) (since (YY) =)

= Y Ml HIW ) U L HIW) = Y il HIW ) P,

ij iJ
and similar manipulation yields
ot Hp! " H =y AA Wi H ).
iJj

The conclusion follows. |

(2) This is readily derived from (1) by a symmetry argument.
The next lemma follows from Corollary 1.3 in Lieb [10].

Lemma 2 The Wigner—Yanase—Dyson information decreases under the operation of partial
trace in the following sense

I.(p, H ®1) > I,(p1, Hy).

Here p is a density operator of a composite quantum system and p, = tr, p is the partial
trace of p over the second system, and H, is an observable for the first system, 1 is the
identity operator for the second system.
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The following statement, which establishes the superadditivity of the Wigner—Yanase—
Dyson information in an important case, is a generalization of the case « = % proved by
Wigner and Yanase [17].

Proposition 1 Let H=H, @1+ 1Q H,. If p = |¥)(V¥| is a pure state on the composite
quantum system, then inequality (5) holds true, that is

I,(p, H) > 1, (p1, Hy) + 1, (02, Hy).

Proof Suppose that |¥) has the following Schmidt decomposition

) => Vuly e ).

1

Here {Wi(l) }} and {|¢i(2) )} are orthonormal bases for the first and the second system, respec-
tively, and Zi rA=1,4>0,i=1,2,.... If the two component systems are of different
dimensions, we add zero vectors to equal the index. Then

p1=1tnp= Z)\'l |wi(1)>(wi(1)|, P =tr p= Z)\i|1ﬁ,~(2))(‘ﬁ,~(2) I

Since p = |¥)(¥] is a pure state, we have ,/p = p, and thus
I(p, H) = (W|H?|¥) — (W |H|¥).

Now put

ay = WO by = W ),
then

(V|(H ®@1+1® Hy)?*|W)
=Y Van @l e (P HE @ 1+ 1© HE +2H, @ Haly ") @ [4)”)
iJj

=Y Vak (W HE Y DY P10y Py + Py Oy H )

iJ
+2u V1Y) (P | Bl )
=Y VIR ) Y a P I ) 2> hikaihy;
i Jj ij
=+ Zkiaijaﬁ + Z)‘jbijbji + ZZN/AiAjaijbij,
i,j i,j i,j
and

(W H, @1+1Q Hy|W¥)>

2
N (Z Va1 ® (0P| H @ 1+ 1@ Holy)") @ |w}2>>>

ij
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2
= (Z Ak Y Y P 1y P) + <w,-“>|1|w§“><w§2>|Hz|w;2>)
ij

2
= (Z)\i(aii + bii)) .

Therefore
2
ly(p, H) = Z)\iaijaji + Z)»jbijbji + 22\/ Aidjaijbij — (Z Ailai + bii)) .
ij ij ij i
On the other hand, by Lemma 1, we have
L(pr, H) =)0 = M0 aa;,

ij
Ly(p2, Ho) =)0 — MM )byjbji.

ij

Thus in order to prove the desired conclusion, it suffices to show that
2
2 Z VAikjaizhi; — (Z Ailaii + bii)) > - Z NN (aijaji + bijbji).
ij i iJ

Writing

22,/)»,‘)\/61,‘/‘@-/‘ = ZZ\/A.[)\.ja[jb[j + 22)»,‘61,‘,‘1?,‘[
ij

i) i

1
Zk?k}w(di/aﬁ +b;jbji) = 3 Z(kfk}ia + )L,!ia)\_(;)(aijaji +bijbj;) + Z)w (ai +b}),
i i) i

the desired inequality follows from

2
(Z Ailai; + bii)) < Z)w‘ (@i + bi)*,
i i
and
)\.7)\.;_0‘4—)\}_0[},? 22,/)\,')&‘, aijaj,-—i—bijbj,- 22,/|a,»jb,-j|2=2|aijbij|. O

In the following result, we assume that H; = (a;;), H» = (by;) and p have already been
represented as matrices in a fixed representation. That is, the (arbitrary) bases for the two
constituent Hilbert spaces have already been chosen, and the joint state p is diagonal in the
tensor product of the Hilbert spaces with respect to this choice (this implies in particular that
the basis vectors in the tensor product are simple tensors).

Proposition 2 Let H = H, ® 1+ 1® H,, and p be a diagonal density matrix. Then in-
equality (5) holds true, that is

I.(p, H) = I, (o1, Hy) + 1,(02, Hy).
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Proof Suppose that H; and H, act on m-dimensional and n-dimensional spaces, respec-

tively. Let p = diag{A, A,, .
Then

ey Am}, with A,‘ = diag{)m s )\,‘2, .

..,)\,‘n}, i:l,Z,...,m.

P1 :diag{trAl,trAz, ...,tI'Am} :d1ag{ZAlj, Z)\Qj, ey Z)\.mj},
J J J

and
P2 :diag:ZAil, Z)\.iz, N

Since H; has the matrix form (a;;), we have

alll a121 a1m1 Hz 0
a211 (l221 cee az,,,l O H2 0
= . . . . + . .
(291 1 am21 amml 0 H2
anl+ H, appl aml
ayl apl+H, --- a1
Am] 1 am21 amml + H2
Therefore
Af(aj 1+ Hp) apAf am AY
ax A Af(apl+ H) aom A
p*H = . ,
amlAlrxn aMZA?n Aftn (amml + HZ)
and
[AT, H>] ap(AY — A3) aim (A} — A7)
. a (A5 — AY) [AS, H2] ayu (A5 — A})
(0%, H]= : : .
am (Ay, — AY)  ama(A;, — AS) [A;,, H2]
Similarly,
(A7, H,] ap(A;™ = A7) am (A7 — A7)
. an(Ay = AT A H) A (4,7 = A7)
[0 H]= . . .
a1 (Ap7 = A7) ama (A — A7) (AL, H]
Consequently

@ Springer



1186 J Stat Phys (2007) 128: 1177-1188

1
I,(p, H) = ——tr[,O“, H]lp'™, H]

:——Ztr VO] Hyl 4+ ) agjai tr(AF — AN (AT — AT

i<j

= Z Zbklblk (Aix — )\?[k)nill_a) + Zaijaj,-(tr A; —tr A?[A;_a).
i kil iJ

On the other hand, by Lemma 1, we have

I,(p1, Hy) = Zai_/‘aji(trAi —(r A)*(tr A;)'™%)

ij
a I—a
Lo(p2, Hy) =Y buby (Z Aik — (Z }\ik> <Z)\il> )
k.l i i i

Therefore, in order to prove the proposition, it suffices to show that
o4 l—a
Z Z bubi (Mix — AGATY) > Z bubik (Z Ak — (Z Kik) <Z )w) )
ikl kI i i i
and

D aijajir A —tw AY AT =Y gt A — (ir A)*(tr Ap)').

— v
Both of the above inequalities follow directly from the Holder inequality. The proof is com-
plete. 0

Proposition3 Let H=H, ® 1+ 1Q® H,. If p commutes with either Hy ® 1 or 1 ® H,, then
inequality (5) holds true, that is,

I.(p, H) > 1, (p1, Hy) + 1, (02, H>).

Proof Let |/), |¢) be any two vectors for the second system, and {/;} be an orthonormal
base for the first system, then by the definition of partial trace, we have

Wl (p(1® H))p) =Y (hj| @ (¥p(1® Hy)lh;) @ |¢)

J

=Y (h;1® (Ylp|1h;) ® | Hag)
J

= (Y| tr1 plHagp) = (W | p2 Halh).

Since the above equations hold for any |{), |¢), we obtain
p2Hy =tr1 (p(1® Ha)).

Similarly,

Hy 0, =tr1 (1 ® H>)p).
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Suppose that p commutes with 1 ® H,, thatis, p(1® H,) = (1 ® H,)p, then
Ia(pv H) = Ia(pa H ® 1)5

and p, H, = H,p, which implies

1y(p2, Hy) = 0.
Now the desired superadditivity inequality follows form Lemma 2. The case when p com-
mutes with H; ® 1 can be proved similarly. O

4 Discussions

The Wigner—Yanase-Dyson information can be interpreted as a formal quantum analogue
of the classical Fisher information. This is probably the intuitive underlying reason that
the Wigner—Yanase—Dyson information has so many desirable properties as required for an
information-theoretic measure. In particular, Wigner and Yanase proposed the superadditiv-
ity (5) as a postulate for the skew information should satisfy [17], and Lieb emphasized,
apart from the convexity, the superadditivity as another “absolute requirement” [10] in order
that the Wigner—Yanase—Dyson information be a sensible definition of information.

The physical significance of superadditivity lies in that when a composite system is sep-
arated into two parts, the information content should, in general, drop, because the correla-
tions between the two subsystems are lost.

Unfortunately, Hansen’s counterexample illustrated that superadditivity cannot be true
for the skew information in the most general form [5], and at present we have no idea about
the deep reason for this unexpected and quite counterintuitive phenomenon. Since super-
additivity holds for the classical Fisher information, and fails for the quantum case, further
investigation of superadditivity in quantum case may reveal some intrinsic mechanism un-
derlying the difference between the classical and the quantum.

Despite the negative result of Hansen, we still have superadditivity in several important
cases. Proposition 2 may be of particular interest since any density operator can be diago-
nalized. Thus in matrix representation of operators, let UpU" = D, where U is unitary and
D is diagonal, then

L(p, HH®1+1® Hy) = I,(D,U(H, ®1+1® H)U").

If it happens that U(H; ® 1 +1 ® H,)U" can be written as (of course, this may not be
possible)
UH ®1+1Q@ H)U'=H{ ®1+1Q Hj,

then by Proposition 2, we have
Iy(p, H®1+1® Hy) = 1,(D, H{ ® 1+ 1® H;) > 1,(Dy, H)) + (D2, H,),

which may be interpreted as a modified version of superadditivity. Here Dy =tr, D, D, =
tr; D, while H| and Hj are observables for the first and second system, respectively. We
emphasize that Proposition 2 does not imply that superadditivity always holds true, because
when we diagonalize the density operator p, the simple tensor additivity structure H; ® 1+
1 ® H, may be lost in the new representation.
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It is also interesting to note that if we define an information measure
J(o) :=trologo

as the negative of the von Neumann (quantum entropy) for any density operator o, then from
subadditivity of the von Neumann entropy [16], this information measure has the following
superadditivity property:

J(p) = J(p1) + J(p2).

Here p is a density operator for a composite quantum system, p; and p, are the reduced
density operator (partial trace) for the first and the second system, respectively. The above
inequality is in the same spirit as inequality (3) and the superadditivity requirement (5).
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